A group G is knot-like if it is finitely presented of deficiency 1 and has abelianization G/G Z. We prove the conjecture of E. Rapaport Strasser that if a knot-like group G has a finitely generated commutator subgroup G then G should be free in the special case when the commutator G is residually finite. It is a corollary of a much more general result : if G is a discrete group of geometric dimension n with a finite K(G, 1)-complex Y of dimension n, Y has Euler characteristics 0, N is a normal residually finite subgroup of G, N is of homological type FP n−1 and G/N Z then N is of homological type FP n and hence G/N has finite virtual cohomological dimension vcd(G/N) = cd(G) − cd(N). In particular either N has finite index in G or cd(N) cd(G) − 1.
presentations of G, where n is the number of generators and r is the number of relations. It was conjectured by E. Rapaport Strasser that if the commutator group G of a knot-like group G is finitely generated then G should be free, and established in the case when G is 2-generator, 1 relator group [23] . In this paper we prove the conjecture when G is residually finite using some results of [12] about groups of deficiency 1 and some results about higher dimensional homological -invariants of groups [4, 5] . The paper [12] uses substantially L 2 -homology methods i.e. the L 2 -Betti numbers of spaces and groups but here we just apply already existing results without exploring further the L 2 -homology technique. Note that by [12, Theorem 2 + Lemma 2] it follows that a knot-like group G with finitely generated commutator is always of geometric dimension at most 2, hence is of cohomological dimension at most 2.
By a result of Bieri if N is a normal subgroup in a group G of cohomological dimension cd(G) = 2 and N is of homological type FP 2 then either N is free or N has a finite index in G [2, Theorem B + Remark 5.4] . Then as observed in [12, Corollary, p. 273 ] to prove Rapaport's conjecture we are left to show that the commutator G is of type FP 2 . Luckily there is a whole theory due to Bieri and Renz [4] that studies when the commutator of a group H of homological type FP m is of the same homological type FP m by the means of a homological invariant m (H, Z). A new approach to the low dimensional case m = 1 of the m -invariant was suggested in [29] where geometric methods are applied. Later on this approach was generalised in [5] 
to show that for a (left) Z[G]-module A of homological type FP m we have [ ] ∈ m (G, A) if and only if Tor

The main results in the discrete case
By definition a module A over a ring R is of homological type FP m if there is a projective resolution of A with all modules in dimension at most m being finitely generated. A group G is of type FP m if the trivial module Z is of homological type FP m over the group ring Z [G] . A group G is said to be of geometric dimension at most n if there is a K(G, 1) CW-complex Y of dimension n i.e. Y is a connected CW-complex of dimension n with fundamental group isomorphic to G and i (Y ) = 1 for all i 2. The geometric dimension of G is the minimal possible dimension for such Y. If we assume further that there is a finite K(G, 1) CW-complex Y of finite dimension, by definition the geometric Euler characteristics of G is the Euler characteristics of the complex Y i.e. the alternating sum i 0 (− 1) i m i , where m i is the number of cells of Y of dimension i. Note that the geometric Euler characteristics coincides with the Euler characteristics for torsion-free groups of finite homological type as defined in [6, p. 247] . The following theorem is one of the main results of this paper.
Theorem 1. Let G be a non-trivial discrete group of geometric dimension n with a finite K(G, 1) CW-complex Y of dimension n such that the Euler characteristics of Y is zero i.e. the geometric Euler characteristics of G is zero. Suppose that N is a residually finite normal subgroup of G such that N is of homological type FP n−1 and G/N
Z. Then N is of homological type FP n .
Note that the condition on the geometric Euler characteristics of G cannot be removed as the following example from [2] shows. Let G = F 2 × F 2 = u, v × x, y be the direct product of two free groups of rank two. Let N be the kernel of the homomorphism of G to Z sending u, y to 0 and v, x to 1. Then N is finitely generated by u, y, vx −1 but is not free, and hence by [2, Theorem B + Remark 5.4] is not of homological type FP 2 . The group G has geometric dimension 2, there is an obvious finite K(G, 1)-complex with one vertex, four edges and four 2-cells, hence the geometric Euler characteristics of G is not 0.
The above example generalises to the free product G n of n copies of F 2 . By the main result of [18] the homological invariants up to dimension n form a strict chain n (G n 
, hence G n has a subgroup H containing the commutator subgroup of G n such that H is of type FP n−1 but not of type FP n . Note that G n has geometric dimension n but its Euler characteristics is not 0.
We discuss several corollaries of Theorem 1. One of them, Corollary 2, proves the Rapaport's conjecture when G is residually finite.
Corollary 1. Let G be a non-trivial discrete group of geometric dimension n with a finite K(G, 1) CW-complex Y of dimension n such that the Euler characteristics of Y is zero i.e. the geometric Euler characteristics of G is zero. Suppose that N is a residually finite normal subgroup of G such that N is of homological type FP
In particular either N has finite index in G or N has cohomological dimension at most cd(G) − 1.
Corollary 2.
Let G be a knot-like group with finitely generated, residually finite commutator subgroup G . Then G is free.
Finally we obtain some results that imply that the Euler characteristics is zero. Let X be a finite aspherical polyhedron. By [11] if = 1 (X) has a non-trivial centre then the Euler characteristics (X) = 0. This result was extended in [25] to the case when has non-trivial normal abelian subgroup. Here we show a similar result holds for a different class of groups.
Theorem 2. Let X be a finite aspherical polyhedron and let
We observe that the condition that ∞ (G, Z) is non-empty is quite strong. It is equivalent to the existence of a non-zero character : G → R such that Z has homological type FP ∞ as a left Z[G ]-module. Though the group G from Theorem 2 is of type FP ∞ in general this property does not pass to submonoids. For example, for a finitely generated free group F even the first invariant 1 (F, Z) is empty. It will be interesting to find out whether there are groups satisfying Corollary 3 that are not soluble torsion-free constructible groups.
A result about the Kaplansky property
We say that a ring R with 1 = 0 has the Kaplansky property if for any n 1 and any two matrices A, B ∈ M n (R) if AB is the identity matrix I n then BA = I n . It is known that for a field k of characteristics zero and an arbitrary group G the group algebra k [G] 
In order not to confuse the homology, cohomology, 
In particular either N has a finite index in G or N has cohomological dimension at most cd p (G) − 1.
In [31, Corollary 3.3] it is shown that for a finitely presented pro-p group G of positive deficiency and of cohomological dimension cd p (G) = 2 every finitely presented, normal, closed subgroup N of infinite index in G is a free pro-p group, G has deficiency 1 and either N Z p or G/N is virtually procyclic. We go a bit further and show that a pro-p group of deficiency 1 that is (topologically finitely generated)-by-(infinite pro-p cyclic) has cohomological dimension at most 2.
Corollary 5. Let G be a finitely presented pro-p group of deficiency 1 with a (topologically)
finitely generated, normal, closed subgroup N such that G/N Z p . Then N is a free pro-p group. In particular the commutator subgroup G is a free pro-p group and either G has cohomological dimension 2 or G Z p .
Preliminaries on the homological invariants m (G, A)
Let G be a finitely generated group, : G → R be a non-zero character and A be a left
where G is the monoid {g ∈ G | (g) 0} and S(G) is the character sphere
Theorem 5 ([4, Theorem B]). Let G be a finitely generated group, H a subgroup of G that contains the commutator subgroup G of G and A be a left Z[G]-module of type FP m . Then A is of type FP m over Z[H ] if and only if S(G, H ) ={[ ] ∈ S(G) | (H ) = 0} ⊆ m (G, A).
Let : G → R be a non-zero character. Then the Novikov completion ZG of Z[G] with respect to the character is a subset of Z G = g∈G Z and we write an element of g∈G Z as a formal, possibly infinite sum g∈G,z g ∈Z z g g. By definition
Note that ZG is a ring with multiplication induced by the group operation in G and Z[G] is a subring of ZG . [27] . Furthermore the Bieri-Strebel criterion in the case of discrete characters has a generalisation which treats non-acyclic complexes following Ranicki's approach [22] and was further generalised in [13] .
Theorem 6 ([5, Theorem B.4.6]). Let A be a left Z[G]-module of type FP m and : G → R be a non-zero character. Then [ ] ∈ m (G, A) if and only if Tor
Z[G] i ( ZG , A) = 0 for all i = 0, 1, . . . , m.
Proofs of the results about the Kaplansky property
We start with a simple result. Proof. (a) Note that as G is finite-by-abelian, it is central-by-finite. Let A be the centre of G and T be right transversal of A in G, so T is finite. A typical element of the Novikov ring ZG is a sum (in general infinite) a∈A,t∈T ,z a,t ∈Z z a,t at with support {at | z a,t = 0} having only finitely many elements of {g ∈ G | (g) j } for every j. Rewriting a∈A,t∈T z a,t at as t∈T ( a∈A z a,t a)t we get a decomposition
Lemma 1. Let G be a finitely generated finite-by-abelian group, : G → R a non-zero character. Then
Then ZG acts on the free left ZA -module V (of rank |T | = s) via left multiplication in ZG . This gives an embedding of the Novikov ring ZG into the matrix algebra M s ( ZA ).
Finally we note that Kaplansky property always holds for matrices over commutative rings as there determinants and inverse matrices can be used i.e. thinking of B, C as elements of M ns ( ZA ) we have BC = I ns implies that det(B) is an invertible element of ZA , hence there is an inverse of B in M ns ( ZA ) that should be the right inverse C, so CB = I ns .
Proof of Theorem 3. Let G be a finitely generated group, : G → R a non-zero character and N a finitely generated, residually finite subgroup of Ker( ) such that G ⊆ N . Let N 0 be a normal subgroup of N of finite index, say c. As N is finitely generated there are only finitely many normal subgroups of N of index c, so the intersection N 1 = g∈G N g 0 is actually an intersection of finitely many subgroups of N of index c, hence is of finite index in N. In particular the intersection of all normal subgroups of G that are contained in N and have a finite index in N is trivial.
We claim that the Novikov ring ZG embeds in the inverse limit M of the Novikov rings 
Proof of Theorem 1 and its corollaries
Proof of Theorem 1
Let G be a group of geometric dimension n with a finite K(G, 1)-complex Y of dimension n. Furthermore we suppose that Y has Euler characteristics zero. Then G acts freely on the universal covering space Y of Y and Y is a contractible CW-complex of dimension n. The cellular chain complex F of Y is a free resolution of the trivial Z[G]-modules Z
where m i is the rank of the free Z[G]-module F i . In particular the cohomological dimension cd(G) is at most n.
Let : G → R be a non-zero character such that (N ) = 0. Consider the Novikov's completion ZG of Z[G] at and the complex
so the complex C is exact in dimensions −1, 0, 1, . . . , n − 1. Our aim is to show that d n is injective. This will imply that Tor
n ( ZG , Z) = 0 and so by Theorem 6 [ ] ∈ n (G, Z).
As this is true for arbitrary [ ] ∈ S(G, N)
by Theorem 5 N is of homological type FP n , as required.
Now we prove that the map d n is injective. First we define P i to be the image of d i+1 for 0 i n − 1. Note that P 0 = C 0 is a free ZG -module, hence C 1 P 0 ⊕ P 1 and P 1 is a projective ZG -module. Using induction on i together with the fact that the complex C is exact in all dimensions −1, 0, 1, . . . , n − 1 we deduce that
Now define the surjective homomorphism of ZG -modules
e. all the maps in the direct sum are the identity ones except for the first one that is d n . Note that if n is even
If n is odd
Note that as the Euler characteristics of Y is 0 i par
thus in both cases
Finally as is a homomorphism of free ZG -modules of the same rank it can be represented by a matrix M 1 ∈ M ( ZG ) i.e. the coordinates of (b) for some b ∈ B are the elements of the matrix-linebM 1 , whereb is the matrix-line with entries the coordinates of b. The fact that is surjective is equivalent with the existence of a matrix M 2 ∈ M ( ZG ) such that M 2 M 1 is the identity matrix I . By Theorem 3 ZG satisfies the Kaplansky property, hence M 1 M 2 = I , in particular is injective. Then d n is injective as required.
Proof of Corollary 1
The following Proposition 1 stems from the work of Bieri in [3, 2] . The case n = 2 is [2, Theorem B + Remark 5.4] and the case n > 2 under some more restrictive hypothesis for N but without the hypothesis that G/N is abelian is done in [3, Theorem 8.4] . Corollary 1 follows from Theorem 1 and Proposition 1.
Proposition 1. Let G be a finitely generated group of cohomological dimension cd(G) = n and N be a normal subgroup of G of homological type FP n such that G/N is abelian. Then G/N has finite virtual cohomological dimension vcd(G/N) = cd(G) − cd(N ).
Proof. Note that G/N is a finitely generated abelian group, so direct sum of a finite abelian group with a free abelian group. As the property FP m and the cohomological dimension are preserved when going down to a subgroup of finite index we can substitute G with any subgroup G 1 such that N ⊆ G 1 and G/G 1 is finite. So without loss of generality we can assume that G/N is free abelian, say 
We observe that the original argument in [3, p. 117 ] is for right modules but the modification from right to left modules is obvious. It is well known that
Here we show that the equality holds when N is of type
and for p > m or q > k Then
Proof of Corollary 2
By [12, Theorem 2 + Lemma, p. 273] G is of geometric dimension at most 2, so of cohomological dimension at most 2. If G is not of cohomological dimension 2 then it should be of cohomological dimension 1, so is free by the Swan-Stalling's result [8, Theorem 3.15, p. 114]. Furthermore as G has deficiency one G Z and the commutator subgroup G is trivial.
If G has cohomological dimension 2 then it has geometric dimension 2 and by Corollary 1 for the finitely generated group N = G the commutator subgroup G has cohomological dimension one, hence is free.
Proof of Theorem 2 and Corollary 3
Let X be the universal covering of X. Then the cellular chain complex of X over Z is
where m i is the number of cells of X of dimension i.
In particular the complex
Finally we note that the rank of a finitely generated free ZG -module is uniquely determined as ZG has a quotient that is an integral domain i.e. let Q be the quotient of the abelianization 
Preliminaries on pro-p groups
In this section we consider some facts about pro-p groups that will be used in the proof of Theorem 4. Good references for the categories of pro-p Z p [ 
where the inverse limit is over all positive integers i and all open normal subgroups U of G. We note that the modules if not otherwise stated are left ones and that in the categories mentioned above all G-actions are continuous. In order not to confuse the homology, cohomology, Hom, Tor and Ext functors in the pro-p category with the corresponding functors in the abstract category we use upper hat to denote the above functors in the category of pro-p groups and pro-p modules. Still if we work with a complex C of pro-p modules we will use the traditional notation H i (C) or H i (C) for the homology or cohomology groups of the complex. Note that in this case the traditional homology H i (C) has an induced pro-p structure as it is a quotient of a kernel by an image of some continuous maps of compacts.
We use the notation ⊗ for the completed tensor product in the category of pro-p modules and the traditional notation ⊗ for the abstract tensor product. By [24, Proposition 5.5 .3d] for a profinite ring R and profinite R-modules V 1 and V 2 if one of the modules is (topologically) finitely generated there is a natural isomorphism
Here 
[G]]-modules to obtain H k (G, V ).
We note that by [32, Proposition 7. ]-modules such that all modules in dimension m are finitely generated (topologically or abstractly is the same). In the following lemmas we collect several well-known results. 
5.1] if R is a profinite local ring every finitely generated (abstractly or topologically is the same) profinite projective R-modules is free. In particular if G is a pro-p group and k is a commutative pro-p ring the completed group algebra k[[G]] is a local ring and every finitely generated projective k[[G]]-module
Lemma 2. Let G be a pro-p group and N be a closed normal subgroup of G such that Z p [[G/N ]] is left and right Noetherian (abstractly or topologically is the same). Then the following are equivalent:
together with the fact that for every i =1, . . . , m and for V =W and V =F p the cohomology groups H i (G, V ) are finite, we deduce that (d) holds. We finish the preliminaries on pro-p groups revising Lazard's classification of p-adic analytic pro-p groups [16] and the uniformly powerful group approach [17] as stated in [9] . We remark that a powerful finitely generated pro-p group is uniform if and only if it is torsion-free [9, Theorem 4.8]. We say that a pro-p group is of finite rank if it satisfies the condition of [9, Chapter 3.2].
Lemma 3. Let G be a pro-p group with an open subgroup H. Then
Theorem 7 (Dixon et al. [9, Corollary 9.3.6]). For a topological group G the following are equivalent: (a) G is a compact p-adic analytic group; (b) G contains a normal, open, uniformly powerful pro-p subgroup of finite index; (c) G is a finitely generated profinite group containing an open subgroup which is a pro-p
group of finite rank.
Proof of Theorem 4 and its corollaries
Proof of Theorem 4
Let G and N be pro-p groups satisfying the assumptions of Theorem 4.
Lemma 4. There is a free resolution of the trivial left
such that F j = 0 for all j n + 1 and every F i is of finite rank m i such that the alternating
Proof. As G is of homological type FP n there is a projective resolution of Z p in the category
with all F i (topologically) finitely generated for i n. Note that the short exact sequence
gives a long exact sequence in Ext and so for every discrete
Then for P = Im j n = Ker j n−1 and j 1 we have
where the last inequality comes from the fact that the cohomological dimension cd p (G)=n. 
By an obvious pro-p version of [6 
] to this complex and obtain a complex Then applying the functor S⊗ R to K we obtain a complex C = S⊗ R K of abstract free (left) S-modules 
where the vertical maps are the injective maps induced by the inclusion of R in S. 
We finish this section with a direct proof of the inequality cd p (N ) n − 1 that does not involve the results from [31] . It is well known that a pro-p group H is of cohomological dimension cd p (H ) m if and only if H m+1 (H, F p ) = 0 [24, Corollary 7.1.6]. We give homological version of this result in Lemma 5. By Lemma 5 for m = n − 1 and H = N we get directly that cd p (N ) n−1. We note that Lemma 5 will be needed in the proof of Corollary 5. We remind the reader that by our definition of homology H i (H, )= Tor
Lemma 5. Let H be a pro-p group such that
Then H has finite cohomological dimension cd p (H ) m. We show by induction on 0 i m that Tor
m+1−i (F p , Im(j i )) = 0, the case i = 0 being given by the hypothesis of the lemma. Indeed there is a short exact sequence of pro-p
that induces a long exact sequence in homology and for 0 i < m 
Note that P m can be chosen in such a way that the generating set of P m has the minimal possible cardinality for a fixed Ker(j m−1 ) i.e. this is equivalent with being an isomorphism. Then 
Proof of Corollary 4
By Lemma 3 any open subgroup of G has homological type FP n , has cohomological dimension that equals cd p (G) = n and is of Euler characteristics 0. As the quotient group G/N is of finite rank by the results from the preliminaries, namely Theorem 7, G/N is virtually uniformly powerful. Thus we can assume that G/N is uniformly powerful. Then as G/N is uniform it does not have non-trivial elements of finite order [9, Theorem 4.8] .
By the main result of [20] 
